We study a position-dependent discrete-time quantum walk (QW) in one dimension, whose time-evolution operator is built up from two coin operators which are distinguished by phase factors from x ≥ 0 and x ≤ −1. We call the QW the complete two-phase QW to discern from the two-phase QW with one defect [13, 14] . Because of its localization properties, the two-phase QWs can be considered as an ideal mathematical model of topological insulators which are novel quantum states of matter characterized by topological invariants. Employing the complete two-phase QW, we present the stationary measure, and two kinds of limit theorems concerning localization and the ballistic spreading, which are the characteristic behaviors in the long-time limit of discrete-time QWs in one dimension. As a consequence, we obtain the mathematical expression of the whole picture of the asymptotic behavior of the walker in the long-time limit. We also clarify relevant symmetries, which are essential for topological insulators, of the complete two-phase QW, and then derive the topological invariant. Having established both mathematical rigorous results and the topological invariant of the complete two-phase QW, we provide solid arguments to understand localization of QWs in term of topological invariant. Furthermore, by applying a concept of topological protections, we clarify that localization of the two-phase QW with one defect, studied in the previous work [13] , can be related to localization of the complete two-phase QW under symmetry preserving perturbations.
the complete two-phase QW
In this paper, we treat a two-state discrete-time QW in one dimension whose one-time step is defined by a unitary time-evolution operator U (s) :
where S is called the standard shift operator defined by
and U x is called the coin operator expressed by
with σ ± ∈ [0, 2π). As a discrete-time QW, the walker has a coin state at position x and time t expressed by a two-dimensional vector:
where C is the set of complex numbers, and Z is the set of integers. We should note that the walker steps to the left or right according to the recurrence formula Ψ t+1 (x) = U x Ψ t (x) = P x+1 Ψ t (x + 1) + Q x−1 Ψ t (x − 1) (x ∈ Z),
where , with U x = P x + Q x . We note that P x and Q x correspond to the left and right movements, respectively, and the walker steps differently in the spatial regions with the phase parameters σ + and σ − , that is, x ≥ 0 and x ≤ −1 . The QW does not have defect at the origin, which is in marked contrast to the two-phase QW with one defect [13, 14] . Hereafter, we call the QW the complete two-phase QW . Putting σ + = σ − = 0, the model becomes the Hadamard walk, which has already been intensively studied [31, 29] . At first, we derive limit theorems concerning localization for our QW, that is, the stationary and time-averaged limit measures. Then, we show the weak convergence theorem describing the ballistic spreading in the distribution of the position in a re-scaled space, which contributes to mathematically express the whole description of the behavior of the walker in the long-time limit. We also show numerical results for some concrete phase parameters and initial states to see what our analytical results suggest, especially, to relate the complete two-phase QW to the topological phases in Section 4.
rigorous result 1: the stationary measure
In this subsection, we present the first of our rigorous results, the stationary measure of the complete two-phase QW.
By employing P x and Q x , the time-evolution operator U (s) is written in the matrix form:
with O = 0 0 0 0 .
Now let us consider the eigenvalue problem
where λ (∈ C) with a restriction |λ| = 1 is the eigenvalue of U (s) and Ψ is the eigenvector defined by
where T means the transposed operation. First of all, we give the stationary measure of our complete two-phase QW. The stationary measure at position x ∈ Z is defined by µ(x) = |Ψ L (x)| 2 + |Ψ R (x)| 2 [15] . The derivation of Theorem 1 is based on the splitted generating function method (the SGF method) [15] , which is provided in Appendix A. . .
Theorem 1 Put

For λ
The proof of Theorem 1 is given in Appendix A. We should note that the stationary measure does not have an origin symmetry in general, however, is attenuated or diverged exponentially for the position with the same decay or divergence rate both in x ≥ 1 and x ≤ −1. We should note that x∈Z µ(x) strongly depends on c(∈ R + ), and by choosing appropriate c and λ (j) (j = 1, 2, 3, 4), x∈Z µ(x) < 1 holds, which indicates that there is a possibility that we can investigate localization also by the stationary measure.
rigorous result 2: the time-averaged limit measure
Let P (X t = x) be the probability that the walker exists at position x at time t, where {X t } is a set which is defined by P (X t = x) = Ψ t (x) 2 . Then, localization of one-dimensional QWs is defined by lim t→∞ sup P (X t = 0) > 0.
Furthermore, localization can be also mathematically described by the time-averaged limit measure [16] . More explicitly, the QW starting at the origin shows localization if and only if µ ∞ (0) is strictly positive:
P (X t = 0) > 0.
Now we give the time-averaged limit measure for the complete two-phase QW, the second of the rigorous results in our study. Let ϕ 0 = T [α, β] be the initial coin state, where α, β ∈ C, and µ ∞ (x) be the time-averaged limit measure at position x ∈ Z. Throughout this work, we assume that the walker starts at the origin, and we put α = ae iφ1 , β = be iφ2 with a, b ≥ 0, a 2 + b 2 = 1, and φ j ∈ R (j = 1, 2), where a, b ∈ R. Here R is the set of real numbers.
where
Here ϕ (±) (σ) is defined by
We emphasize that the time-averaged limit measure has an exponential decay for the position. Moreover, the timeaveraged limit measure does not have an origin symmetry, which is in marked contrast to that of the two-phase QW with one defect [13] . In other words, the result indicates that the defect at the origin may contribute to the symmetric time-averaged distribution. Here to clarify the relation between the stationary and time-averaged limit measures has been one of the mathematically basic interesting problems. In addition, our result suggests that if σ + = σ − , then, the decay rate is positive valued, i.e., 1/(3 − 2 √ 2a (±) (σ)) > 0, which indicates that localization may happen regardless of the phase parameters σ + and σ − , and initial state. We also notice that the time-averaged limit measure heavily depends on the relative phase difference σ = (σ + − σ − )/2, however, is independent of each phase parameter σ + or σ − if ab = 0.
We should remark that we can not see the probability distribution only from the time-averaged limit measure, since x∈Z µ ∞ (x) < 1 holds. Appendix B is devoted to the derivation of Theorem 2.
rigorous result 3: the weak convergence theorem
where µ ∞ (x) is the time-averaged limit measure at position x ∈ Z obtained by Theorem 2. From now on, we present the weak convergence theorem for the missing part 1 − C with 0 ≤ C ≤ 1. In general, the weak convergence theorem describes the ballistic behavior of the QW [29] . Throughout this subsection, we assume that the walker starts from the origin with the initial coin state ϕ 0 = T [α, β], where α, β ∈ C. Put α = ae φ1 , β = be φ2 with a, b ≥ 0, a 2 + b 2 = 1 and φ 1 , φ 2 ∈ R.
Theorem 3 Letφ 12 = φ 1 − φ 2 . For the complete two-phase QW, X t /t converges weakly to the random variable Z which has the following density function:
and
with
Here w(x)f K (x; 1/ √ 2) is an absolutely continuous part of µ(x). We emphasize that the weak limit measure is generally asymmetric for the origin, and heavily depends on the phase parameters and initial state. Furthermore, like the time-averaged limit measure, if ab = 0, then, the weak limit measure becomes independent of each phase parameter σ + or σ − , in other words, we can write down the weight function w(x) by the relative phase difference σ and initial state. We provide with the proof of Theorem 3 in Appendix C by using the time-space generating function method [31] .
Topological invariants of the complete two-phase QW
In this section, we investigate the topological invariant of the complete two-phase QW.
As we derived in the previous section, the time-averaged limit measure of the complete two-phase QW exhibits localization around the origin. Recently, there has been a development to understand localization of QWs as a localized surface state originating to the topological invariant which is inherited from the time-evolution operator [28, 25, 27] . In order to relate the topological invariant to the localized states, we use a fundamental principle, called the bulk-edge correspondence. This principle states that an absolute value of difference of topological numbers in two adjacent spatial regions gives a lower limit of the number of eigenvalues/eigenvectors exhibiting localization in the vicinity of the interface. It would be very interesting to directly compare the mathematically derived stationary and time-averaged limit measures with the prediction of the bulk-edge correspondence, which motivates us to derive the topological invariants of the complete two-phase QW.
relevant symmetries of the time-evolution operator to establish topological phases
Since each spatial region of the complete two-phase QW should be characterized by own topological number, we separately calculate the topological number on the regions with the phase σ + or σ − in the coin operator. First, we calculate the topological number for the region with the phase σ + . Put the coin operator for x ≥ 0 as
We assume that the whole of line has the same coin U + , because the calculation of the topological number is simplified for a system with translation symmetry. Topological invariant for the region x ≤ −1 is easily obtained from the result for x ≥ 0 by replacing σ + with σ − . In the argument of the ordinary topological phase of matter, it is important to identify symmetries of the system, that is, time-reversal, particle-hole, and chiral symmetries [5, 10, 20, 37] . We call these three symmetries relevant symmetries for topological phases. While these symmetries give constraints on the Hamiltonian, now we derive the corresponding constraints on the time-evolution operator of QWs. The detail of the derivation is explained in Appendix D. In order to make clear the relation to physics, we introduce quasi-energy ε ∈ R, by the terminology in physics, which is defined from the eigenvalue λ of the time-evolution operator in Eq. (4) as
Note that quasi-energy ε has 2π periodicity. The conditions required from the relevant symmetries for topological phases on the time-evolution operator are summarized as
(Particle-hole symmetry),
Here the symmetry operators T and P are anti-unitary operators (i.e., they should contain a complex conjugate operator K), while Γ is a unitary one. In Eqs. (9) and (10), we assume that the time-evolution operator U (s) satisfies the eigenvalue equation e iεX U (s) Ψ = e iε Ψ, where X stands for P or Γ, with an eigenvector Ψ and ε P , ε Γ ∈ R. If so, Eqs. (9) and (10) guarantee that e iεX U (s) (XΨ) = e −iε (XΨ). Therefore, a pair of quasi-energies with opposite signs ±ε around the symmetric point ε P and/or ε Γ appears. Generally, ε P and ε Γ are set to be zero, however, let us consider arbitrary values, because the recent work on the topological phase of Hadamard walks [35] pointed out its importance.
As explained in Ref. [4] , in order to clarify symmetries of the time-evolution operator, we should redefine the time-evolution operator by shifting the origin of time to fit in the symmetry time frame. For our QW, this corresponds to the situation that a half of the first coin operation is absorbed into the initial state. Then, the redefined time-evolution operator for the one-time step is expressed as
As explained in Appendix E, by employing U
+ and setting proper symmetric point of quasi-energies, we identify the symmetry operators satisfying particle-hole and chiral symmetries in Eqs. (9) and (10), respectively:
A two-dimensional identity matrix τ 0 and Pauli matrices
act on the coin space. We note that, while σ ′ = σ + + mπ (m ∈ Z) is a more general expression of σ ′ in Eq. (13), we fix m = 0 for simplicity. While both chiral and particle-hole symmetries of the time-evolution operator can be identified, the values of ε P and ε Γ in Eqs. (11) and (12) are different. This means that the time-evolution operator does not possess both chiral and particle-hole symmetries at the same symmetric point of quasi-energy. If two of the three relevant symmetries for topological phases are established, the other symmetry is automatically confirmed by combining the two identified symmetry operators. In our case, either chiral or particle-hole symmetries is established at a specific quasi-energy. Thereby, time-reversal symmetry cannot be retained.
For further arguments, we need to choose the symmetric point of quasi-energy, that is, ε P = 0 or ε Γ = −π/2. The proper symmetric point of quasi-energy to study topological invariant can be chosen from the distribution of the eigenvalue of U (s) + , because the topological numbers can be well defined unless absolutely continuous spectra exist at the symmetric points of quasi-energy, i.e., the quasi-energy gap should open by the terminology in physics. In Appendix F, the eigenvalue problem of homogeneous U (s) + is solved by the Fourier analysis. We obtain the eigenvalue
where k ∈ [0 : 2π) is the wave number. We see that the absolutely continuous spectra include quasi-energy ε = 0, π (λ = ±1), however, do not exist at ε = ±π/2 (λ = ±i). Therefore, we focus on the time-evolution operator possessing chiral symmetry, where the topological numbers are well defined due to the presence of the quasi-energy gap. Therefore, the time-evolution operator U
+ , we focus on hereafter in this section, possesses only chiral symmetry, and then belongs to the chiral unitary class (class AIII in the Cartan classification). In the table of the classification of topological phases [39] , it is known that class AIII can possess Z topological phases in the one dimensional system.
topological invariants and the bulk-edge correspondence
Having identified that the system possesses chiral symmetry, topological invariants for the above time-evolution operator are given by calculating winding numbers [4] . Because of 2π periodicity of quasi-energy, we remark that the QW with chiral or particle-hole symmetries possesses two symmetric points of the quasi-energy at ε Γ = −π/2 as well as at ε Γ + π = π/2. Thus, we need to introduce two topological numbers. For the spatial region x ≥ 0, topological numbers ν + ±π/2 at quasi-energies ε = ±π/2 (λ = ∓i) are derived as
The detail of the calculation is presented in Appendix F. Topological invariants for the spatial region x ≤ −1 of the complete two-phase QW are obtained by applying Eq. (15) with a replacement σ + with σ − . However, we should keep using the same chiral symmetry operator Γ for the whole of the system, otherwise chiral symmetry is broken. In other words, the same σ ′ in V σ ′ has to be applied for x ≥ 0 and x ≤ −1. This restricts the phase σ − so as to satisfy
to maintain chiral symmetry. According to Appendix F, topological numbers ν − ±π/2 at quasi-energies ε = ±π/2 for the spatial region with x ≤ −1 are summarized as
As we mentioned at the beginning of this section, the bulk-edge correspondence predicts a minimum number of localized states from the absolute value of the difference of topological numbers of adjacent two regions. Thereby, on one hand, when n is even, the two regions have the same topological numbers (ν ± −π/2 , ν ± +π/2 ) = (1, 0), and then localized eigenstates are not expected from the bulk-edge correspondence. On the other hand, when n is odd, the two regions have different topological numbers whose difference is |ν + ±π/2 − ν − ±π/2 | = 1, and then, two localized eigenstates, one at ε = −π/2 (λ = i) and the other at ε = π/2 (λ = −i), in the vicinity of the origin are predicted by the bulk-edge correspondence.
If n in Eq. (16) is not an integer, chiral symmetry of the two-phase QW is broken. In this case, localized states at ε = ±π/2 originating to the topological invariant are not expected from the bulk-edge correspondence. While this does not exclude a possibility having localized states at ε = ±π/2 since the bulk-edge correspondence gives a lower bound of the number of edge states. However, most generally, quasi-energy of such localized states deviates from ε = ±π/2.
robustness of localized states by topological protections
One of the important properties of localized states originating to the topological invariant is robustness against perturbations satisfying the following conditions;
1. the perturbation should preserve the same relevant symmetries for topological phases with the non-perturbative time-evolution operator.
the perturbation remains quasi-energy gaps open.
In case of one dimension, this robustness can be expressed more clearly such that the eigenvalue of the localized state remains unchanged and the eigenvector remains localized under the perturbations. Therefore, this property can be utilized to verify whether localized states at ε = ±π/2 originate to the topological invariant or not. Now we consider the perturbations for the complete two-phase QW. We assume that only the coin operator introduces the perturbation. Since the complete two-phase QW possesses chiral symmetry, we need to show that the perturbative coin operator should also satisfy the condition demanded from chiral symmetry. Taking account of Eqs. (10) and (12), the coin operator U p , as a source of perturbation, should satisfy the following relation:
We identify that the coin operator U p with the position dependent parameters θ x , ω x ∈ [0, 2π) satisfies Eq. (18):
We note that, when θ x = π/4, ω x = 0, and σ p = σ + or σ − , U p is identical with the coin operator of the complete two-phase QW. We examine robustness of localized states by employing the perturbative coin operator U p with random θ x in the next section.
Relation between localization and topological invariants
In this section, we show several examples of the complete two-phase QW with specific phases to see what our analytical results suggest. Especially, we argue the relation between localization and topological invariants of the complete two-phase QW. In addition, we investigate the relation to the two-phase QW with one defect.
in case of the homogeneous QW
At first, we consider the space-homogeneous QW whose quantum coin is given by
which is obtained by putting σ + = σ − = π/2 in Eq. (3). Let the initial coin state be ϕ 0 = T [α, β] at the origin, where α, β ∈ C with |α| 2 + |β| 2 = 1. By Theorem 2, we get the time-averaged limit measure by
and as a result, we obtain the coefficient of the delta function in Eq. (6) by
Therefore, we see that localization does not happen for the homogeneous QW, which agrees with the previous study [31] .
We also obtain the weight function in Eq. (6) from Theorem 3 by
Now we focus on the stationary measure. According to Theorem 1, we have in this case the eigenvalues λ
, and we also obtain the stationary measure by
for all x ∈ Z. Taking account of µ ∞ (x) = 0, we see that both the time-averaged and stationary measures do not have exponential decay, which may imply that the uniformity of the stationary measure suggests non-localization.
In Fig. 1 , we show the numerical results of probability distribution at time 10000 in re-scaled space (x/10000, 10000P
10000 (x)) for the cases of
, where x expresses the position of the walker and P 10000 (x) represents the probability that the walker exists on position x at time 10000. We should note that x/10000 and 10000P 10000 (x) correspond to the horizontal and vertical axes, respectively. At the same time, we plot w(x)f K (x; 1/ √ 2) representing an absolutely continuous part of the weak-limit measure, in Fig. 1 . We see that the curve representing w(x)f K (x; 1/ √ 2) seems to be on the middle of the probability distribution on each position, which indicates that our analytical result is mathematically proper.
We also numerically solve the eigenvalue problem of the complete two-phase QW with the coin operator in Eq. (20) on the path [22] , i.e., in the finite position space in the range of −N ≤ x ≤ N − 1 with N = 100. The QW on the path has the finite number of bases
and the coin and shift operators are modified as follows:
As shown in Fig. 2 , all eigenvalues calculated by the numerical diagonalization of the QW on the path (green dots) are densely distributed in two regions on the unit circle and there is no apparently isolated eigenvalue. Since the calculated eigenvalues are consistent with Eq. (14) derived by the Fourier analysis, they would develop into continuous spectra in the infinite space limit.
Orange curve: Probability distribution in a re-scaled space (x/10000, 10000P 10000 (x)) at time 10000. (Because the probability distribution at time 10000 is zero for odd x but finite for even x, and the position space x is heavily shrunk in the horizontal axis, the orange curve representing the probability distribution P 10000 (x) looks to fill the region.) Black curve: w(x)f K (x; 1/ √ 2) .
Re(λ) 
in case of the complete two-phase QW with chiral symmetry
Next we treat the complete two-phase QW whose quantum coin is given by
We obtain the QW by putting σ + = 3π/2 and σ − = π/2 in Eq. (3). Because of σ + − σ − = π, the two-phase QW retains chiral symmetry associated with the symmetric point ε Γ = −π/2. Taking account of Eqs. (15) and (17) and applying the bulk-edge correspondence, non-degenerate localized eigen states with eigenvalues λ = ±i are predicted.
Here we consider the stationary measure. Inputting σ + = 3π/2 and σ − = π/2 into Theorem 1, we need to take into account the two cases, that is, √ e −2iσ+ = e −iσ+ and √ e −2iσ+ = −e −iσ+ as follows;
1. Case of √ e −2iσ+ = e −iσ+ : We obtain eigenvalues λ (1) = λ (3) = i and λ (2) = λ (4) = −i. Also, from Theorem 1, we obtain the stationary measure for λ (1) and λ (2) by
and that for λ (3) and λ (4) by
2. Case of √ e −2iσ+ = −e −iσ+ : We obtain eigenvalues λ (1) = λ (3) = i and λ (2) = λ (4) = −i. Also, by Theorem 1, we get the stationary measure for λ (1) and λ (2) by
and for λ (3) and λ (4) , we have
Thereby, the eigenvalues by Theorem 1 is consistent with the prediction by the bulk-edge correspondence, while they are doubly degenerated. However, the decay rate of the stationary measure corresponding to the degenerated eigenvalues are different. From Eqs. (24)- (27), we find that, the stationary measure for one of the degenerated pair λ = ±i shows the exponential decay with the rate 1/(3 + 2 √ 2) from the origin where the topological number varies, while the other one grows exponentially with the rate 1/(3 − 2 √ 2) which is larger than one. The latter one cannot be regarded as a localized state in a view point of the bulk-edge correspondence since the measure near the origin is rather small. Furthermore, from a physical viewpoint, a stationary measure exhibiting divergences of the measure for the point at infinity is generally considered as an unphysical solution because of the contradiction to the normalization condition. Hence, we can discard one of the degenerated states, which exhibits the divergent solution. Accordingly, we obtain the non-degenerated two eigenstates for λ = ±i and confirm the complete agreement with the prediction of bulk-edge correspondence. In addition, by rewriting Eqs. (24) and (27) as
, we clearly see that the stationary distribution with chiral symmetry is symmetric at x = −1/2, which is consistent with that of our numerical result (Fig. 6 ). Next, we focus on the time-averaged limit measure. Let the initial coin state be ϕ 0 = T [1, 0] . According to Theorem 2, we obtain the time-averaged limit measure by
and as a result, the coefficient of the delta function is given by
We remark that the time-averaged limit measure in Eq. (28) is identical with the stationary measure in Eq. (24) by inputting c
Even from this point of view, the stationary measure exhibiting the divergence at infinity is excluded.
Owing to Theorem 3, we have the weight function of the probability distribution by
Hence we see
which leads to
Here we present the numerical results of the time-averaged limit measure, and we see that the numerical results gradually near to our analytical result at a very low speed (Fig. 3) . Next we show the numerical results of the probability distribution at time 10000 in re-scaled space (x/10000, 10000P 10000 (x)), as well as w(x)f K (x; 1/ √ 2), which is an absolutely continuous part of the weak limit measure µ(dx), in Fig. 4 . We see that the curve representing w(x)f K (x; 1/ √ 2) seems to be on the middle of the probability distribution on each position, which suggests that our analytical result is mathematically correct. We should note that the weak limit measure represents the asymmetry of the probability distribution (Fig. 4) . We emphasize that the walker is trapped near the origin in a short time, and the distribution form does not change after many steps.
Again, we numerically calculate the eigenvalues of the two-phase QW with the coin operator in Eq. (23) on the path in the range of −N ≤ x ≤ N − 1 with N = 100. As shown in Fig. 5 , we confirm that most eigenvalues are densely distributed on the continuous spectrum in Eq. (14) . Most importantly, there exist non-degenerated two eigenvalues at λ = ±i. We also confirm that the numerically calculated stationary measure with the eigenvalue λ = i almost overlaps with the stationary measure in Eq. (24), as shown in Fig. 6 . As we mentioned, the localized state originating to the topological invariant should be robust against perturbations of the system. We check this by using the perturbative coin operator U p in Eq. (19) . We consider that θ x of U p consists of two parts:
which are the constant θ 0 = π/4 and independent and identically distributed random variable δθ x in the range of [−π/4 : π/4]. Note that we choose the rather narrow range for δθ x so that the quasi-energy gaps remain open. We choose σ p = σ − = π/2 for x ≤ −1 and σ p = σ + = 3π/2 for x ≥ 0, and ω x = 0 for all x. Figure 7 shows eigenvalues of the two-phase QW with the above perturbative coin on the path. We clearly see that two eigenvalues corresponding to localization at λ = ±i remain unchanged under the perturbation, while the others do not. Taking into account these results, we confirm the validity of the bulk-edge correspond for the complete two-phase QW with chiral symmetry.
in case of the complete two-phase QW without the relevant symmetries for topological phases
Here we focus on the complete two-phase QW whose quantum coin is expressed by
We obtain the QW by putting σ + = π and σ − = π/2 in Eq. (3). Because of σ + − σ − = π/2 = nπ (n ∈ Z), the two-phase QW does not retain any relevant symmetries for topological phases, and localized states with eigenvalues λ = ±i are not expected from the bulk-edge correspondence.
At first, we consider the stationary measure. By inputting σ + = π and σ − = π/2 into Theorem 1, we need to consider the next two cases;
We obtain the eigenvalues
We also obtain the stationary measure for λ (1) and λ (2) by
Re(λ)
Re(λ) and that for λ (3) and λ (4) by
2. Case of
Re(λ) and
The eigenvalues λ (1) and λ (2) in this case, thereby, are the same with λ (3) and λ (4) under the case 1. in Eq. (32), respectively, and vice verse. In the same way, the stationary measure for λ (1) and λ (2) is given by Eq. (34), and that for λ (3) and λ (4) is given by Eq. (33).
The fact that the all eigenvalues derived from Theorem 1 deviate from λ = ±i is consistent with the result by the bulk-edge correspondence. The stationary measure in Eq. (33) exponentially diverges as |x| approaches to infinity, while that in Eq. (34) shows the exponential decay from the origin, thus, localization. However, this localization cannot be related to the topological invariant, and then the novel topological protection under perturbations is never expected. By the way, we see by Eq. (34) that the stationary distribution without the relevant symmetry has also symmetry around x = −1/2, which is identical with that of the stationary measure with chiral symmetry.
Then, we focus on the time-averaged limit measure. Let the initial coin state be ϕ 0 = T [1, 0] . Theorem 2 gives the time-averaged limit measure of the complete two-phase QW without the relevant symmetries by
We remark that the above time-averaged limit measure agrees with the stationary measure in Eq. (34) by putting
From this point of view, the stationary measure exhibiting the divergence at infinity is excluded. Here we get the coefficient of the delta function by
According to Theorem 3, the weight function is given by
Therefore we have
Here we present the numerical results of the time-averaged limit measure in Fig. 8 and the probability distribution at time 10000 in re-scaled space (x/10000, 10000P 10000 (x)) in Fig. 9 . The observed behaviors are consistent with those in the previous subsection for the complete two-phase QW with chiral symmetry.
Again, we numerically calculate the eigenvalue of the two-phase QW with the coin operator in Eq. (31) on the path in the range of −N ≤ x ≤ N − 1 with N = 100. As shown in Fig. 10 , we confirm that densely distributed 
Orange curve: Probability distribution in a re-scaled space (x/10000, 10000P 10000 (x)) at time 10000, Black curve:
eigenvalues are consistent with Eq. (14) and there exist two isolated eigenvalues at λ = ±i. These isolated eigenvalues seem to be consistent with two of four eigenvalues derived by Theorem 1. The other two eigenvalues from Theorem 1 correspond to the unphysical solutions due to the divergence of the stationary measure. We also check that the probability distribution calculated from the isolated eigenvector on the upper half plane is exponentially localized and its exponential decay rate is consistent with that of the stationary measure in Eq. (34) . Finally, we check robustness of these localized states against the perturbative coin operator U p . We employ the same condition with the previous subsection, except for the value of σ + . Figure 12 shows the eigenvalue of the two-phase QW with the above perturbative coin on the path. We clearly see that all eigenvalues even corresponding to localization changes their values under the perturbation, in contrast to the previous case. Taking account of the above observations, we concluded that the two-phase QW with σ + = π and σ − = π/2 does have the localized eigenvectors, while they do not originate to the topological invariant.
localization length
In the previous subsections, we showed three examples with different phase parameter sets of σ + and σ − of the complete two-phase QW. Here we show how localization depends on the phase relative difference σ = (σ + − σ − )/2. To this end, we simplify the time-averaged limit measure of the complete two-phase QW in Theorem 2. Taking into account the fact that the time-averaged limit measure depends only on the relativistic value of the phase parameters σ = (σ + − σ − )/2 with the initial coin state ϕ 0 = T [1, 0], we obtain the simplified exponential form up to the prefactors (which are slightly different in positive and negative regions and at the origin):
where ξ(σ) is called the localization length as the terminology in physics. Figure 13 shows the relative phase difference σ dependence on the localization length ξ(σ). We remark that the localization length becomes minimum at σ = ±π/2, and grows rapidly as σ goes to zero or π. At σ = 0 and π corresponding to the homogeneous QW, the localization length ξ(σ) diverges, which indicates the vanishing of localization.
relation to the two-phase QW with one defect
Finally, we mention the relation between the complete two-phase QW and the two-phase QW with one defect studied in [13, 14] . The two-phase QW with one defect is characterized by the following coin operator
with σ ± ∈ [0, 2π). Only the difference from the complete two-phase QW is the coin at the origin (x = 0). The eigenvalue problem of the unitary matrix U (s) = SU ′ x is studied in Ref. [13] , and four eigenvalues are derived
Re(λ) with the relative phase difference σ = (σ + − σ − )/2. The corresponding stationary measure is also derived in Ref. [13] and summarized as follows: The stationary measure obtained from the eigenvectors of λ (1) and λ (2) is derived as
and that from the eigenvectors of λ (3) and λ (4) becomes
When σ = ±π/2, we find double-degenerated eigenvalues λ (1) = λ (3) = ±i and λ (2) = λ (4) = ∓i. By looking the stationary measures, in this case, we distinguish them by the decay rate, that is, the exponentially decay or divergence from the origin. If σ = ±π/2, we have non-degenerated eigenvalues at λ = ±i. These observations are the same with that of the complete two-phase QW as we see in the previous subsections. Furthermore, when σ = ±π/2, which corresponds to the chiral symmetry, we emphasize that the decay rate of the stationary measure for the complete two-phase QW agrees with that of the two-phase QW with one defect. Thereby, this gives a hint to find the relation between the two inhomogeneous QWs. Then, we need to understand how the coin operator at x = 0 of the two-phase QW with one defect, say the defect coin operator, affects on the localized states. We can confirm that the defect coin operator satisfies Eq. (18), indicating that the defect coin operator is identical with the perturbative coin U p with θ x = 0. Assuming that the defect coin operator replaces the coin operator at a certain position x of the complete two-phase QW with the relevant symmetries for topological phases (σ = ±π/2), this is nothing but the symmetry preserving perturbation. Therefore, the localized states of the two-phase QW with one defect can be regarded as the localized states of the complete two-phase QW survived from the symmetry preserving perturbation at the origin.
Summary
In this paper, we treated the complete two-phase QW, which can be considered as an ideal mathematical model of topological insulator. We obtained a measure and two kinds of limit theorems describing localization and the ballistic behavior. Indeed, we got the stationary and time-averaged limit measures for our QW at first. We gave a suggestion that localization can be occurred independently of the phases of the time-evolution operators and initial state of the walker, unless the two phases are the same. In addition, owing to the asymmetric unitary matrices, both the stationary and time-averaged limit measures are generally asymmetric for the origin, however, the stationary and time-averaged measures become symmetric at x = −1/2 at least, for the two cases studied in Section 4. This indicates that the defect at the origin of the two-phase QW with one defect makes the timeaveraged distribution symmetric at the origin [13] . Moreover, we presented the weak convergence theorem which describes the ballistic behavior in the probability distributions for the position of the walker in re-scaled spaces. We also studied the topological invariant of the complete two-phase QW. We clarified that the time-evolution operator of the complete two-phase QW possesses chiral symmetry with ε Γ = −π/2, when the two phases satisfy σ + − σ − = nπ (n ∈ Z). Therefore, the complete two-phase QW belongs to class AIII in the Cartan classification. Then, we derived the topological numbers for two-specific eigen values λ = ±i. Taking into account these results, we compared the mathematical rigorous results with prediction by the bulk-edge correspondence, and confirmed the perfect agreements. Furthermore, we succeeded to find the relation between localization of the two-phase QW with one defect and one of the complete two-phase QW, by considering that the defect coin operator at the origin as the symmetry preserving perturbation on the complete two-phase QW. In addition, we succeeded to relate the stationary and time-averaged limit measures by using both mathematical and physical consideration, which indicates that we can analyze localization of QWs by the stationary measure. The approach used in the present work would provide solid arguments to understand localization of various QWs in term of topological invariant.
Appendix A
In Appendix A, we give the detail of the derivation of Theorem 1. Throughout Appendix A, let us focus on the eigenvalue problem
where λ ∈ C with |λ| = 1, and Ψ ∈ (C 2 ) ∞ . Taking advantage of the SGF method [15] , we solve the eigenvalue problem (A.1). We can rewrite the eigenvalue problem for position x ∈ Z by
Now Eq. (A.2) can be written depending on the position in the following way:
1. Case of x = 1, 2, 3, · · · :
3. Case of x = −1 case:
Next, we introduce the generating functions of Ψ j (x) (j = L, R):
which provide
Then,
holds.
Taking account of
and |θ s | ≤ 1 ≤ |θ l |. By Eqs. (A.13) and (A.14), we see θ s θ l = −1.
Hereafter let us derive f L ± (z) and f R ± (z) from Lemma A.1.
Case of f
, we have from Eq. (A.12)
Equation (A.18) and the definition of f
where where
Consequently, we obtain
(A.25)
From the above discussion, we obtain Proposition 1, the solutions of the eigenvalue problem (A.1) as follows:
be the eigenvalues of the unitary matrix U (s) , and Ψ (j) (0) be the eigenvector at x = 0, with j = 1, 2, 3, 4. Putting
, whereσ = (σ + + σ − )/2 and c ∈ R + , we obtain the solutions of the eigenvalue problem (4) as follows:
.
For λ
. 
Here, 4 expressions of
which leads to the conditions of λ (j) and Ψ (j) (0) (j = 1, 2) in Proposition 1 and Theorem 1. Noting that the stationary measure is defined by
, we arrive at Theorem 1.
Appendix B
Hereafter, we prove Theorem 2 along with the time-space generating function method [31] . The protocol is similar to that of Section 4 in Ref. [13] . To begin with, we give some notations. The coin operator U x can be divided into two parts by
Here we introduce a notation of the weight of all the passages of the walker which moves to the left l times and to the right m times till time t as follows [31] :
We remark that the time-averaged limit measure can be written by the square norm of the residue of the generating functionΞ x (z) ≡ t≥0 Ξ t (x)z t , which leads us to complete the proof:
} is the set of the singular points ofΞ x (z). Now we give useful concrete formula ofΞ x (z), which plays an important role for the proof. The derivation of Lemma B.1 comes from Lemma 3.1 in Ref. [31] . In Appendix B, we assume that the walker starts at the origin with the initial coin state ϕ 0 = T [α, β], where α, β ∈ C, and |α| 2 + |β| 2 = 1.
If |x| ≥ 1, we havẽ
. Note thatf
Thereby, we obtain Lemma B.2f
0 (z) are written down with respect to θ as
2)
The derivation of Lemma B.2 is similar to Lemma 3 in Ref. [14] , and we omit it here. By taking advantage of Lemmas B.1 and B.2, we obtain the set of the singular points ofΞ x (z):
Then, we have the set of all the singular points ofΞ x (z) with |z| = 1 by
The derivation of Lemma B.3 is similar to that of Lemma 4 in Ref. [13] . Here, we omit it. Next, we derive the residues ofΞ x (z) at the singular points. For the simplicity, we put the denominator ofΞ 0 (z)
Note that all the singular points for localization come from the solution ofΛ
Then, explicit expressions of the square of the absolute value of the residues of 1/Λ 0 (z) are given in a similar way as that of Lemma 5 in Ref. [13] , and we obtain Lemma B.4:
, we have
Noting Lemma B.1-B.4, we first show the case of x = 0 in Theorem 2 in the following way. By Lemma B.1, we haveΞ
Thus, we get the square norm of the residues by
Taking into account that
holds, where {e iθ (±) j } j=1,2 is the set of the singular points ofΞ x (z), we obtain
Thereby, we see from Eq. (B.6),
Here, we have
Therefore, we get
we obtain the case of x = 0 in Theorem 2.
Here, the range of the summation is
In the next stage, we give the detail of the derivation for the case of x ≥ 1 in Theorem 2. By Lemma B.1, we seẽ
Thereby, we get the square norm of the residues as
(B.9)
In a similar fashion, we obtain
. (B.10) Thereby, Eqs. (B.8), (B.9) and (B.10) provide
Hence, we obtain
where {e iθ (±) j } j=1,2 is the set of the singular points ofΞ x (z). Now, we compute λ(+) (e
. By the definition of
(B.12)
Taking into account Proposition 2, and substituting Lemma B.4 and Eq. (B.12) into Eq. (B.11), we obtain the case of x ≥ 1 in Theorem 2. In a similar fashion, we get the case of x ≤ −1 in Theorem 2, and we complete the proof.
which can be derived in a similar way as relation (4.25) in Ref. [17] . The singular points derived fromΞ 0 (z) are related with localization, while principal singular points for weak convergence come from
For Eq. (C.5), we see
and for Eq. (C.6), we have
Put −∂θ (±) (k)/∂k = x ± to compute the RHS of Eq. (C.2). Derivating Eqs. (C.7) and (C.9) with respect to k, we obtain sin k, cos k, sin θ (±) (k), and cos θ (±) (k) as follows: Equations (C.7) and (C.8) give
Equations (C.9) and (C.10) provide
Thereby, we obtain A, the set of the singular points ofΞ(k : z):
, and
: Taking into account Lemma B.1, we have 15) for θ ∈ R. Thereby, substituting the singular points into Eq. (C.15), we obtain
Let the initial coin state be ϕ 0 = T [α, β], where α = ae iφ1 , β = be iφ2 with a, b ∈ R, a 2 + b 2 = 1, and φ j ∈ R (j = 1, 2). Taking account of
we have
where γ + =φ 12 − σ − and γ − =φ 21 + σ + withφ 12 = φ 1 − φ 2 .
(IV) Derivation of λ(+) (e
By a simple computation, we have
which gives
Henceforth, we can treat x + and x − as a valuable x:
Combining Eqs. (C.11) and (C.12) with Eq. (C.20), and noting Eq. (C.19), we see
and thereby we obtain
Substituting the items given in (I) to (IV) into Eq. (C.13) and combining with Eq. (C.2), we obtain Theorem 3.
Appendix D
In Appendix D, we derive Eqs. (8) - (10) . It is known that the relevant symmetries for topological phases require Hamiltonian H to satisfy the following relations [5, 10, 20, 37] :
Here, the operators T and P are anti-unitary operators (i.e., they should contain a complex conjugate operator K), while Γ is a unitary one. Therefore,
In Eqs. (D.1b) and (D.1c), we assume that the Hamiltonian H satisfies the eigenvalue equation (H − E X )v = Ev, where X stands for P or Γ, with an eigenvector v and E, E X ∈ R. If so, Eqs. (D.1b) and (D.1c) guarantee that (H − E X ) · Xv = −E · Xv, where X stands for P or Γ. Thereby, a pair of eigenvalues with opposite signs ±E around the symmetric point E X appears. On the contrary, no special energy is needed to define time-reversal symmetry Eq. (D.1a). The time-independent Hamiltonian H and the time-evolution operator U (s) for a single time-step are related by
where t and represent a time interval of the single time-step operation and a reduced Planck constant, respectively. Hereafter, we simply assume t = = 1. Because of Eq. (D.2), quasi-energy ε ∈ R, which has 2π periodicity, is introduced from the eigenvalue λ of the time-evolution operator U (s) in Eq. (4):
When we derive the constraint of the relevant symmetries for topological phases on the time-evolution operator from Eq. (D.1), we replace E, E P , and E Γ of the Hamiltonian with ε, ε P , and ε Γ , respectively, in order to emphasize 2π periodicity of quasi-energy. Using Eqs. (D.1) and (D.2) and considering that only symmetric operators T and P contain the complex conjugate operator K, we obtain the relations in Eqs. (8) - (10) .
Appendix E
In Appendix E, we clarify the presence or absence of particle-hole symmetry Eq. (9) and chiral symmetry Eq. (10) of the time-evolution operator of the complete two-phase QW.
To begin with, we rewrite the time-evolution operator so that the argument on the symmetries makes easy. For simplicity, we ignore the position dependence of the phase σ ± and write it as σ 0 in this appendix. (The symmetries in case of the position dependent phases σ ± are discussed in the main text.) We also prefer to introduce an additional parameter θ into the coin operator for the sake of general arguments of the topological phase. Therefore, we focus on the following coin in this appendix:
U σ0,θ = cos(θ) e iσ0 sin(θ) e −iσ0 sin(θ) − cos(θ) . (E.1)
Note that U + = U σ+,π/4 and U − = U σ−,π/4 . We also introduce the split-shift operator S ± defined as Note that multiplying S + and S − gives the standard shift operator: S = S + S − = S − S + . In order to study the relevant symmetries for topological phases, it would be better to introduce Pauli matrices:
as well as the identity matrix τ 0 = I 2 , which act on the coin space. The above three Pauli matrices are basic elements of SU (2) matrices. They satisfy the following algebra: i) (τ i ) 2 = τ 0 (i = 0, 1, 2, 3), (E.3a)
ii) τ i τ 0 = τ 0 τ i = τ i (i = 1, 2, 3), (E.3b)
iii) τ i τ j = −τ j τ i (i, j = 1, 2, 3, i = j).
(E.3c)
By expanding the exponential function and using Eqs. (E.3a) and (E.3b), it is straight forward to derive the following relation: e iaτi = cos(a)τ 0 + i sin(a)τ i (i = 0, 1, 2, 3), (E.4) where a ∈ R. We can express the shift and coin operators by Pauli matrices. The split-shift operators in Eqs. (E.2a) and (E.2b) are written as follows:
S ± = 1 2 (|x x| + |x x ∓ 1|) τ 0 ± (|x x| − |x x ∓ 1|) τ 3 .
By using Eq. (E.4), the coin operator in Eq. (E.1) is written as U σ0,θ = R σ0,θ · τ 3 = e −iφ · R σ0,θ · e −iχτ3 , χ = −φ = π/2, (E.5a) R σ0,θ = cos(θ) −e iσ0 sin(θ) e −iσ0 sin(θ) cos(θ) = e −iθ[sin(σ0)τ1+cos(σ0)τ2] .
(E.5b) Therefore, the time-evolution operator can be written as follows:
Hereafter, we examine the relevant symmetries for topological phases of the time-evolution operator in Eq. (E.6). First, we focus on identifying chiral symmetry Eq. (10) by applying the method developed in Refs. [4, 35] . We understand that Eq. (10) is satisfied when the time-evolution operator U (s) is decomposed as follows:
with the help of the relation Γ = Γ −1 . In order to confirm Eq. (E.7) for the time-evolution operator of the complete two-phase QW, we need to shift the origin of time by a half of the coin operator to fit into a symmetry time frame introduced in Ref. [4] . We also use the commutation relation between S ± and e −iχτ3 , since both are described only by τ 0 and τ 3 components. Thereby, we obtain the single-step time-evolution operator in the symmetry time frame: U (s)′ = e −iφ R σ0,θ/2 · e −i(χ/2)τ3 · S − · S + · e −i(χ/2)τ3 · R σ0,θ/2 . (E.8)
Note we use relations R σ0,θ = R σ0,θ/2 · R σ0,θ/2 and e −iχτ3 = e −i(χ/2)τ3 · e −i(χ/2)τ3 . Comparing the global phase factors in Eq. (E.7) with Eq. (E.8), we identify ε Γ = φ = −π/2. Then, comparing the rest parts, we identify F = R σ0,θ/2 · e −i(χ/2)τ3 · S − and chiral symmetry requires the condition:
Γ(S + · e −i(χ/2)τ3 · R σ0,θ/2 )Γ −1 = (R σ0,θ/2 · e −i(χ/2)τ3 · S − ) −1 .
Taking account of (R σ0,θ ) −1 = R σ0,−θ , chiral symmetry is established if the following conditions are satisfied:
ΓR σ0,θ Γ −1 = R σ0,−θ , (E.9a)
When σ 0 = 0, the chiral symmetry operator Γ = x |x x| ⊗ τ 1 satisfies the above conditions [35] . However, for the arbitrary value of σ 0 , the above Γ does not satisfy Eq. (E.9a), while it does Eq. (E.9b). The point is R σ0,θ in Eq. (E.5b) contains the τ 1 component which commutes with the chiral symmetry operator Γ. This problem is solved by removing the τ 1 component by a unitary transformation before τ 1 acts, and then recovering it by another unitary transformation. In summary, U (s)′ has chiral symmetry with the following chiral symmetry operator Γ; Next, we focus on particle-hole symmetry Eq. (9) . While the symmetry time frame is unnecessary to define particle-hole symmetry, we keep using the time-shifted time-evolution operator U (s)′ . Taking into account the fact that V −1 σ0 R σ0,θ V σ0 = R 0,θ and e −iφ e −iχτ3 = σ z with χ = −φ = π/2 are expressed by real numbers, particle-hole symmetry of U (s)′ is identified as follows:
P e iεP U (s)′ P −1 = e iεP U (s)′ , with ε P = 0,
